In this paper, the existence and exponential stability of mild solutions of random impulsive fractional differential equations are studied. The results are obtained by using the Leray-Schauder alternative fixed point theorem.
Introduction
For impulsive differential systems, most published papers deal with the problem with fixed time impulses [1] [2] [3] . However, actual jumps do not always happen at fixed points but usually at random points. The solutions of random impulsive differential equations is a stochastic process. It is different from deterministic impulsive differential equations and also it is different from stochastic differential equations. At present, the properties of solutions to some integer order differential equations with random impulses have been studied [4] [5] [6] [7] [8] . The existence, uniqueness, and stability of fractional differential equations without random impulses have been shown by many authors [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . However, the properties of solutions to fractional delay differential equations with random impulses have not been studied. In [19] , the authors study the existence, uniqueness, and stability through continuous dependence on initial conditions and Hyers-Ulam-Rassias stability for random impulsive fractional differential equations, but in that paper, the authors did not consider delay. In some applications, besides impulsive effects, delay effects cannot be ignored.
Motivated by the above consideration, we consider fractional differential equations with random impulses of the form c D q t x(t) = Ax(t) + f (t, x t ), t = ξ k , t ≥ t 0 , Let X be a real separable Hilbert space and be a nonempty set. For the sake of simplicity, we denote R τ = [τ , +∞), R + = [0, +∞). Assume that τ k is a random variable defined
. . , where 0 < d k < +∞. Furthermore, assume that τ i and τ j are independent of each other as i = j for i, j = 1, 2, . . . . A is the infinitesimal generator of a strongly continuous semigroup of bounded linear operators S(t) with domain
is the set of piecewise continuous functions, r > 0; x t is a function when t is fixed, x t (θ ) = x(t + θ ), θ ∈ [-r, 0]; ξ 0 = t 0 and
. . , here t 0 ∈ R τ is an arbitrary given real number. The impulse moments ξ k form a strictly increasing sequence, i.e.,
according to their paths with the norm x t = sup t-r≤s≤t |x(s)| for each t satisfying t ≥ t 0 ; · is any given norm in X; ϕ is a function defined from [-r, 0] to X; c D q is the Caputo fractional derivative of order 0 < q < 1.
This paper studies the properties of solutions to system (1.1) by using the theory of functional differential equation, fractional differential equation, and stochastic analysis techniques. Firstly, we investigate the existence of a mild solution for (1.1) by using the LeraySchauder alternative fixed point theorem. Secondly, we study the exponential stability in the quadratic mean of (1.1). Finally, an example is presented to illustrate our results.
Some preliminaries
In this section, we shall recall some basic definitions and lemma which will be used in this paper.
Denote by {B t , t ≥ 0} the simple counting process generated by {ξ n }, that is, {B t ≥ n} = {ξ n ≤ t}, and denote by F t the σ -algebra generated by {B t , t ≥ 0}. Then ( , P, {F t }) is a probability space. Let L 2 = L 2 ( , F t , X) denote the Hilbert space of all F t -measurable square integrable random variables with values in X.
Assume that T > t 0 is any fixed time to be determined later and ß denotes the Banach space ß([t 0 -r, T], L 2 ), the family of all F t -measurable, C-valued random variables ϕ with the norm
Let L 0 2 ( , ß) denote the family of all F 0 -measurable, ß-valued random variables ϕ.
Definition 2.1
The fractional integral of order q with the lower limit 0 for a function f is defined as
provided the right-hand side is pointwise defined on [0, ∞), where is the gamma function.
Definition 2.2
The Riemann-Liouville derivative of order q with the lower limit 0 for a function f : [0, ∞) → R can be written as 
Definition 2.4 A semigroup {S(t), t ≥ t 0 } is said to be uniformly bounded if S(t) ≤ M for all t ≥ t 0 , where M ≥ 1 is some constant. If M = 1, then the semigroup is said to be contraction semigroup.
Definition 2.6 For a given
, and
, and I A (·) is the index function, i.e.,
Our existence and exponential stability theorems are based on the following theorem, which is a version of the topological transversality theorem. Lemma 2.1 Let E be a convex subset of a Banach space X, and assume that 0 ∈ E. Let F : E → E be a completely continuous operator, and let U(F) = {x ∈ E : x = λFx for some 0 < λ < 1}, then either U(F) is unbounded or F has a fixed point.
Existence results
In this section, we prove the existence of a mild solution of system (1.1) by using the following hypotheses:
(H 1 ) There exist a continuous non-decreasing function H :
for every t ∈ [τ , T] and for any stochastic process ψ ∈ C.
) has a mild solution x(t), defined on [t 0 , T], provided that the following inequality is satisfied:
where
Proof Let T be an arbitrary positive number t 0 < T < +∞. Define an operator : ß → ß as follows:
First we establish the a priori estimates for the solutions of the integral equation and λ ∈ (0, 1):
Thus by (H 1 )-(H 2 ), we have
ds,
ds.
Then, for any t ∈ [t 0 , T], it follows that
Denoting by u(t) the right-hand side of the above inequality, we obtain that
Integrating the above inequality from t 0 to t and making use of the change of variable, we obtain
ds H(s) .
From the above inequality and by the mean value theorem, there is a constant K such that u(t) ≤ K , and hence (t) ≤ K . Since sup t 0 ≤υ≤t E[ x In the next steps, we will prove that is continuous and completely continuous.
Step 1. We prove that is continuous. Let {x n } be a convergent sequence of elements of x in ß. Then, for each t ∈ [t 0 , T], we have
and
Thus is continuous.
Step 2. We prove that is a completely continuous operator. Denote
for some m ≥ 0.
Step 2.1. We show that maps B m into an equicontinuous family. Let x ∈ B m and t 1 , t 2 ∈ [t 0 , T]. If t 0 < t 1 < t 2 < T, then by using (H 1 )-(H 2 ) and condition (3.1), we have
Furthermore,
Thus, maps B m into an equicontinuous family of functions.
Step 2.2. We show that B m is uniformly bounded.
, we obtain
This yields that the set {( x)(t), x 2 ß ≤ m} is uniformly bounded, so { B m } is uniformly bounded, by the Arzela-Ascoli theorem, maps B m into a precompact set in X.
Step 2.3. We show that B m is compact. Let t 0 < t ≤ T be fixed, and let be a real number satisfying ∈ (0, t -t 0 ), for x ∈ B m , we define
Since S(t) is a compact operator, the set
is precompact in X for every ∈ (0, t -t 0 ). Moreover, for every x ∈ B m , we have
Denoting by u 1 (t) the right-hand side of the above inequality, we obtain that In the following, we proceed as in the previous theorem. Now, we will show that is a completely continuous operator using a two-step proof.
Step 1. We prove that is continuous. Let {x n } be a convergent sequence of elements of x in ß. → 0, as n → ∞.
